ABSTRACT This paper is concerned with the design and experimental assessment of, both, feedback linearization and sliding mode control techniques to the tracking trajectory problem of a flexible-joint robotic arm for a smooth rest to rest maneuver. The robust improvement of these controllers is analyzed by means of additional integral compensation, in which an alternative sliding surface was proposed for the control of the flexible arm. A feedback linearization of the nonlinear dynamic equation of the robot arm is computed in order to get a full-state non-linear feedback control law. On the other hand, it is proposed a second order sliding mode control with an integral term in the sliding surface, which improves the robustness of the controller sliding surface. Some experimental evaluations that include the addition of external unmodeled perturbations to test the enhancement of the robustness property show the improvements and effectiveness of the proposed control laws in disturbance rejection tasks. The controllers were implemented using exclusively position measurements and time derivatives approximations.
I. INTRODUCTION
The control of flexible manipulators has been studied with great interest by, both, practical engineers as well as academic researchers. This is mainly because the application of control algorithms for rigid joint robotic manipulators is limited, and their direct application may lead to poor results. The nature of flexible joint systems is generated by pulleys, timing belts or harmonic drives causing a flexible joint phenomenon. On the other hand, the flexible link model effect can be arisen by increasing payload-to-weight ratio, motion speed or control bandwidth, see [34] . In both cases, this class of systems increases its order, as well as, the difficulties to control its end-position.
Some natural benefits of flexible joints include:
• Arising of mechanical impedance [44] . This aspect is helpful is human robot interaction tasks [42] . Also it provides protection of the mechanisms against impacts and torque reduction in the actuators.
• The flexibility allows a mechanical energy storage, which is helpful in a wide class of applications (orthosis, prosthetic devices, flexible manipulators, etc) and semi active systems (structural damping systems, among others) [12] , [19] . Some control approaches have been proposed for the stabilization and trajectory tracking control of flexible joints. For instance, robust control schemes [10] , [14] , [16] , [18] , [24] , [30] , adaptive control [9] , [21] , [35] , backstepping [3] , passivity based control [33] , recursive methods [45] , extended state observers [37] , saturated control [4] , among others. All these control schemes are based on nonlinear control strategies that can be applied to highly nonlinear dynamic systems. These nonlinear approaches may not provide robustness for controlling flexible robotic manipulators, mainly since most of them require the complete knowledge of the mathematical model or, at least, an approximate one. To overcome this restriction, fuzzy controllers [11] , [22] , [38] have been developed because its structure is rather simple in comparison with other model-based controllers. However, fuzzy control usually takes up a considerable computation time, the gain tuning may be exhausting, and it needs to be simplified [13] . In other cases, hybrid control laws have been developed considering the combination of fuzzy and H ∞ control [28] , fuzzy logic and discontinuous control techniques [23] , fuzzy logic and neural networks [36] , in order to reject oscillations and achieve a good tracking performance.
Generally, a flexible-joint robot cannot be linearized by static feedback [39] . However, an alternative simplified model was provided that, under some assumptions, it can be feedback linearizable [34] . In [8] , it was proven that the whole class of elastic joint robots can be linearized via dynamic feedback. In [7] , [27] , [29] , some feedback linearization controllers are presented.
On the other hand, the sliding mode control method [40] , can compensate uncertainties in the dynamic parameters of the robot arm as well as disturbance inputs. The basic idea behind the sliding mode control is to apply a discontinuous feedback control law in order to drive the system, in a finite time, to a desire surface, called sliding surface, in the state space. Some examples of sliding mode controllers in flexible joint arms are found in [6] , [17] , [26] , [43] and the references therein. In general, the sliding surface depends on the phase state of the system achieving good results. However, an appropriate sliding surface extending the phase state of the system using integral terms can improve the robustness response of the closed loop system in practical applications which are prone to be subject to disturbance inputs. This idea has been comprehensively developed in classic control schemes such as PD/PID, with a less specialized theoretical knowledge and taken in alternative control schemes where integral compensation terms have been used to reject a wider class of disturbance inputs [46] .
In this contribution the tracking problem of a Flexible-Joint Robotic Arm for a smooth rest to rest maneuver avoiding undesirable oscillations is addressed by means of two control approaches with additional integral terms, one for a classic feedback linearization and another one in the case of the surface of a high order sliding mode controller. To design the control law via feedback linearization, it is followed the scheme presented in [15] based on an appropriate coordinate transformation to turn the given dynamics into a linear and controllable system. In this case, in contrast with most of the existing works, the output function is given in terms of the addition of two angular positions. In the case of the sliding mode control, it is defined a variation of the sliding surface in the Super Twisting control approach, by adding an integral term (see [41] ) which guarantees a stabilizing sliding mode control, while increasing the robustness with respect to the nonlinearities in the state space description as well as external disturbance inputs.
The manuscript is organized as follows: Section II the dynamic model of the flexible joint robot arm under study and the problem formulation are presented. The design of the proposed non-linear control laws is developed in Section III. Section IV shows the experimental results of the proposed control laws. A classical PID, is taken as a starting point for the controllers analysis behavior and the same schemes without the integral compensation are included to show the improvement of the presented proposal. Concluding remarks end this contribution. 
II. FLEXIBLE JOINT ROBOT DYNAMICS
In this contribution a single Flexible Joint Robotic system, as shown in Figure 1 The angular position of the arm tip is defined by the relation
In order to determine the dynamic model of the flexiblejoint robot, the Euler-Lagrange approach was followed. The Lagrangian of the system is
where K represents the kinetic energy and V the potential energy.
The kinetic energy of the system is given by
where K b represents the kinetic energy of the rotating base, and K a represents the kinetic energy of the arm. The potential energy of the system satisfies the relation
where V s is the potential energy associated to the spring, and V a is the potential energy associated with the arm.
Thus, the Lagrangian of the system is given by
Applying the Euler Lagrange equation for the generalized coordinates θ 1 , θ 2 , lead us to the equations
Now, on the one hand, the motor torque τ m and the torque applied to the system are related as: τ = N τ m , N represents the mechanical advantage of the pulley system. On the other hand, the voltage applied to the motor, and the torque generated by it, satisfies the relation
where R m denotes the armature resistance, k τ represents the torque constant of the motor and the control input of the system is denoted by V (t). With this last relation, the dynamics of the flexible-joint robot, are given by
andθ 1 andθ 2 can be fully determined as follows
A. PROBLEM FORMULATION
It is desired to move the main arm end-point from an initial rest angular position y(0) = θ 1 (0) + θ 2 (0) to a final rest angular position, y(T ), within the time interval [0, T ], while following a pre-specified trajectory y * (t) defined as a smooth rest to rest maneuver, by means of interpolation of Bézier type polynomials. It is desirable that the angular position of the link tip arrives to its final destination without oscillations in spite of disturbances, non modelled nonlinearities or external perturbations.
III. NONLINEAR CONTROL DESIGN
If we define the state variables
system (3)- (4), can be rewritten in the state space representation as:ẋ
where
To determine the control law via feedback linearization, we follow the scheme presented in [15] . In this case, the following output function is proposed
The first step in this strategy, is to determine the relative degree of the system, and in order to determine it, we must first compute the derivative of the output function, defined aṡ
where L f h(x) and L g h(x) denote the Lie derivative of the output function h(x), with respect to f (x) and g(x) respectively. Then
therefore, the higher order time derivatives are expressed as
f h(x) = 0 in the whole state space, the relative degree of the system (with respect to the output function h(x)) is four.
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By defining the following change of coordinates
system (5), in the new coordinates representation, appears aṡ
The desired trajectory and its time derivatives are denoted as
respectively. This definition allow us expressing the tracking trajectory error as, ez i = z i − z * i , and a linearizing control input function V (t) can be proposed as follows
Therefore, system (6), can be rewritten in terms of the tracking trajectory error, as a linear system of the forṁ
The above system represents an integrator chain of fourth order, that can be stabilized by means of the following auxiliary controller
The control gains k i , i = 1, ..., 4 are chosen, in such a way, that the closed-loop poles of the linearized system match with the dynamics of a proposed stable characteristic polynomial
, of the auxiliary controllerũ(t), are assigned as follows
To improve the robustness property of the system in the presence of parametric variations, small parametric uncertainties in the model dynamics or external shocks, a compensator in the classic structural sense will be implemented, where one of the most popular and used is an integral compensation.
For the linear system (8), the auxiliary control is established as follows
As in the previous section, gains λ 0 , . . . , λ 4 are chosen, according the dynamics of the following auxiliary polynomial
Here ξ IFL ω IFL ∈ R +
B. ROBUST SUPER-TWISTING SLIDING MODE CONTROL
The classical first order sliding mode control methodology is a discontinuous robust feedback technique, whose main disadvantage, is the appearance of chattering [5] , [31] , which may rise due to neglected fast dynamics or to digital implementation issues [40] . This phenomenon is characterized by high frequency oscillations at the output system that can be harmful when the controller is applied in motion control systems. In order to reduce this phenomenon and reject perturbations, a higher order sliding mode control is proposed [1] , [20] . First of all, the following sliding manifold is proposed
where the parameters α 1 , α 2 , and α 3 must be selected, in such a way, that ensures the ideal conditions σ = 0 andσ = 0 are satisfied. From the derivative condition we obtain
To guarantee the convergence of the states to the desired trajectory (under the validity of ideal condition
, and z 4 → z * 4 , the parameters α i , i = 1, 2, 3 are selected following the dynamics of proposed Hurwitz polynomial
Now, the time derivative of the sliding manifold is of the forṁ
Substituting (6), the previous expression takes the forṁ
we define η(t) as a lumped bounded disturbance function
where Ψ (t) is the bounded external unknown disturbance, equation (12) can be determinated aṡ
The Super Twisting sliding mode control is proposed as follows
In order to increase the robustness of Super-Twisting controller, it is proposed the following sliding manifold including an integral term [2] , [41] .
where the parameters α 0 , α 1 , α 2 and α 3 must be selected, in such a way, that ensures the ideal conditions σ = 0 andσ = 0.
In the following theorem, conditions of finite time convergence are provided. This property is crucial for high-precision performance on control systems of engineering applications.
Proposition 1: Given a sliding manifold of the form (14), then if conditions
(t)ξ (0) setting the gain controller as
Proof 2: The proof follows the methodology presented in [41] and [25] . Under the transformation (14) can be expressed aṡ
Let us define c = |σ (t)| 1 2 sign(σ (t)), ξ (t) , and the candidate Lyapunov function
where κ 1,2,3 > 0, satisfying |P| > 0 to guarantee the positiveness of V (t). Then, the time derivative of the function V (t) along the solutions of system (16) is given by
Here
By direct computations, the last term of the right hand side of the equality, can be expressed as
then, under the assumption that |η(t)| ≤ δ, (17) takes the form
Setting Q 2 = Q 0 + δQ 1 = I 2×2 , the following relations are satisfied
and the controller gains are defined as
From Rayleigh's inequality the following inequalities are satisfied
then, it follows that the equilibrium point at the origin is reached in finite time smaller than
IV. PROTOTYPE ARCHITECTURE AND EXPERIMENTAL RESULTS
In this section the instrumentation and set up of the Flexible-Joint Robotic Arm prototype are presented. The designed control laws were, both, implemented in Matlab-Simulink through a Data Acquisition device. Some rest to rest tracking results by using a classic controller, as well as the proposed schemes are also presented to illustrate the effectiveness of the proposals. Figure 2 shows the diagram of the experimental platform used to control the Flexible-Joint Robotic Arm system. The experimental device is shown in Figure 3 . It consists of a DC motor NISCA: model NC5475, which drives a rotating base through a synchronous belt and pulley system with a 16:1 ratio. The main arm is attached to the rotating base by two identical springs, resulting in a flexible joint. Both, the angular positions of the rotating base and the arm were measured with incremental optical encoders of 1000 pulses/revolution. The data acquisition is carried out through a data card Sensoray model 626. This board, is responsible to read the signals from the optical incremental encoders and supplies control voltages to the power amplifiers. The control strategies were implemented in the , and the device stays in this position until the experiment ends. This trajectory takes 18 seconds to be completed and it will be used throughout the experimental tests.
A. IMPLEMENTATION OF THE CONTROLLER PLATFORM

2) PID CONTROLLER
In order to show the inevitably oscillations induced at the end-effector due to the flexibility of the manipulator. We propose a traditional PID controller for the position of the rotating base θ 1 regardless the position of the arm θ 2 , where the desired rest to rest trajectory for the rotating base position is specified as θ * 1 (t) = y * (t). Here, the PID controller is of the form
where the design parameters are specified as: k P = 40, k D = 2 and k I = 10. Figure 4 shows the Flexible-Joint Robot Arm experimental platform performance. While, the rotating base follows the desired trajectory y * (t) (see, Figure 5 ), the link tip presents undesirable oscillations when the rotating base accomplish the rest positions, which occurs at t = 2.6[s] and t = 10.6[s]. In Figure 6 , the tracking error e yPID (t) = y PID (t) − y * (t) is depicted. As we can see, the maximum amplitude of e yPID (t) is approximately 0.6[rad] and it decrease exponentially with a frequency of oscillation f = 2.75 [Hz] . The effects of the gravity affecting the system can be clearly appreciated when the rotating base arrive to reference y * (2.6) = The control voltage applied to the motor V PID (t) is depicted in Figure 7 . Here, we can notice that when the oscillations occur, they affect the angular position of the base θ 1PID (t), and as it was shown in Figure 5 , the controller tries to compensate the dynamics produced by the oscillations.
3) FEEDBACK LINEALIZATION CONTROLLER
The oscillations due to the flexibility of the system, makes it difficult to control the position of end-point in an effective manner. In order to achieve the suppression of oscillations, we use an exact feedback linearization controller (FL), of the form (7) and a integral feedback linearization controller (IFL), developed in Section III-A. The FL controller design parameters (9) were specified using the values ξ FL = 1.4, ω FL = 45, and IFL controller parameters were choose as ξ IFL = 2.5, ω IFL = 30 and p IFL = 20. The output is defined as the angular position of end-point of arm, that is y FL (t) and y IFL (t) for both controllers are shown in Figure 8 . It becomes evident the suitable tracking quality of the schemes, the arm's end-point position carry out the trajectory tracking task without oscillations.
The tracking error e yFL and e yIFL of the system are shown in Figure 9 , where can observe, that the position error is restricted to a small vicinity and it is seen to be uniformly bounded, in the steady state, and it is smaller in comparison to e yPID (see, Figure 6 ). The control voltage V FL (t) and V IFL (t) is depicted in Figure 10 . In contrast of the PID control voltage, here the peak voltage is smaller and cancel out the undesirable oscillations.
4) SUPER-TWISTING SLIDING MODE CONTROLLER
In order to test the performance of the feedback linearization scheme, we carried out a comparative analysis with respect to a super twisting sliding mode controller (SM) and integral super twisting sliding mode controller (ISM) that is a wellknown robust control scheme. Taking advantage of feedback linearization, the implementation of a sliding mode based control scheme is feasible, see [32] . The design parameters (11) of the SM controller were chosen according the values ξ SM = 1.4, ω SM = 25 and p SM = 20, W = 2789600, a = 7000, δ = 100. The parameters for ISM (15) were set using the following values ξ ISM = 1.5, ω SM = 20 and W = 2789600, a = 7000, δ = 100. The output is specified as the angular position of end-point of arm as y SM (t) and y ISM (t) are shown in Figure 11 . We can notice the acceptable performance in the tracking trajectory task, avoiding oscillations and reducing the tracking error when the link tip arrive to the rest positions in comparison with y FL and y IFL tracking trajectory. The tracking error e ySM (t) and e ySM (t) are detailed in Figure 12 . It is restricted to a vicinity of radius 0.1 [rad] approximately, and in comparison of the error in the Feedback linearization scheme e yFL (t) and e yIFL (t), are significantly smaller. The control voltages V SLM (t) and V ISM (t) are provided in Figure 13 which tend to cancel out the additive endogenous disturbance inputs produced by dynamic of the system, defined in (13) , and the controllers show a minimal chattering during all the operation. Chattering is undesirable VOLUME 4, 2016 behavior could damage the motor, amplifiers or even the pulley-belt system. A Quadratic Error Index of the form:
is used to compare the performances obtained, with FL and SM controllers tested, Figure 14 shows that ISM control leads to a minimal performance index ISI ISM (t) in contrast to the results obtained with the ISI SM (t), ISI FL (t) and ISI IFL (t) based controllers. 
C. EXTERNAL PERTURBATION TEST
The controllers proposed have a good performance using a total knowledge of dynamic model of the flexible robot link, In order to test the controller robustness in presence of an external un-modeled perturbation, we add arm a pendulum actuated by a RC servomotor as show Figure 15 The perturbed angular position end-point arm using feedback linearization schemes are shown in Figure 16 , y FL (t) tracking trajectory avoid oscillations but show steady state error due to un modeled mass m p and m s added, when the pendulum change of position tracking trajectory steady state error increase as a consequence of the arm center of mass is changed, in the other hand integral feedback linearization output y IFL (t) eliminate steady state error with overshoot when the pendulum is moved at time is t = 3[s] and t = 8 [s] . Figure 17 depicts the tracking trajectory error e yFL and e yIFL , we can notice that the IFL has a good performance in spite of external perturbation respect of FL, the control input V IFL has a major amplitude compared with V FL , see Figure 18 .
The perturbed angular position end-point arm using second order slide mode control schemes are shown in Figure 19 , y SM (t) has the same performance compared with y FL (t) presented in Figure 16 , external perturbation produce a tracking trajectory steady state error, but integral second order slide mode control y ISM (t) eliminate steady state error with better performance than y IFL (t) even when pendulum is moved at time t = 3[s] and t = 8[s] as show the tracking trajectory error e yISM depicted in Figure 20 . ISM has the smallest error, the control input signal V ISM , depicted in Figure 21 , cancels out the external perturbation with the minimal error. Integral Feedback linearization and Integral second order slide mode control avoid oscillations and are robust in a presence of external un-modeled perturbations. It can be also observed in Figure 22 where a minimal performance index is achieved by ISI ISM (t) and ISI IFL (t), compared with the results obtained with the ISI FL (t), and ISI SM (t) based controllers. VOLUME 4, 2016
V. CONCLUSIONS
In this work, the tracking control problem of flexible joint robot was addressed. Two control laws are proposed for the task of trajectory tracking. Two nonlinear control schemes, one model based and another one of discontinuous class were selected to increase the performance of the classic schemes, with the aim of avoiding oscillations on the robot arm tip. State space dynamics description of flexible joint is used in order to design the nonlinear control schemes. By dynamic feedback linearization methodology, the robot dynamics was modified into a linear and controllable chain of integrators, to be then controlled by a full state feedback control. In order to reject nonlinearities in the state space description, while avoiding oscillation effect in the flexible joint robot arm, a sliding mode control was proposed. The experimental results show that the proposed nonlinear control laws, feedback linearization and slide mode control, are efficient in achieving precise moving of the robot if the dynamic model is exactly know, but the performance of both controllers decrease when unmodeled dynamics and disturbance are applied to the system. To increase the robustness we implemented an integral compensator for feedback linearization controller, in the same way we introduce a integral compensator in the sliding manifold. The experimental results show more efficient result with bounded error, where slide mode control has the best performance. An extension of the problem may consist in the use of schemes based in compensator networks. Another suggestion for further study consists in the use of Generalized Proportional Integral Control.
